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Abstract
We discuss the emergence of symmetry-breaking via the Pomeranchuk instability from interactions that respect the underlying
point-group symmetry. We use a variational mean-field theory to consider a 2D continuum and a square lattice. We describe two
experimental signatures: a symmetry-breaking pattern of Friedel oscillations around an impurity; and a structural transition.
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Through the Pomeranchuk instability (PI) [1] a Fermi
liquid may enter a “nematic” state that breaks rotational
symmetries while preserving all translations. This might be
a “missing link” in the phase diagramof strongly-correlated
quantum matter joining the Wigner crystal or Mott insu-
lator, through stripe (smectic) phases to the Fermi liquid
[2]. One way to describe it phenomenologically is to as-
sume effective interactions that are anisotropic (in a two-
dimensional continuum [3]) or that break the symmetry of
the crystal (on a square lattice [4]). More microscopically,
it has been shown that rotational symmetry-breaking can
emerge in three dimensions from isotropic interactions [5].
Here we show that a similar argument applies in two di-
mensions and to the square lattice. We will then mention
two possible experimental signatures of the PI that arise in
these simple contexts. These may be relevant to quantum
Hall systems [6], URu2Si2 [7] and Sr3Ru2O7 [8].
In a two-dimensional continuum, we proceed in a way
entirely analogous to Ref. [5]. Our starting point is a
many-body Hamiltonian featuring free fermions, of mass
m each, and an isotropic, spin-independent interaction
potential V (|r − r′|). Its Fourier transform V (K) ≡∫
d2Re−iK.RV (|R|) (with dimensions energy× area) con-
tains terms in all angular momentum channels:
∗ Corresponding author. Tel: +44 (0)123 544 6353 fax: +44 (0)123
544 5720
Email address: j.quintanilla@rl.ac.uk (J. Quintanilla).
V (k− k′) =
∞∑
l=0
Vl(|k|, |k
′|) cos(l(θk − θk′)). (1)
We try a variational ground state |Ψ〉 =
∏
ǫ(k)<0 cˆ
†
k,σ |0〉
featuring a renormalised dispersion relation ǫ(k) which
we treat as the variational parameter. To find an insta-
bility equation, let us assume that it is made up of an
isotropic component plus a small, symmetry-breaking
contribution. Near the instability, the latter must have
a well-defined angular momentum quantum number
l = 1, 2, 3, 4, . . . Without loss of generality we write
ǫ(k) = ǫ0(|k|) + Λl(|k|) cos(lθk) and find the following
self-consistency equation:
Λl(k) =
1
4π2
2π∫
0
dθ cos(lθ)
kF+δkF (θ)∫
kF
dq q Vl(k, q). (2)
Here kF is the “unperturbed” Fermi vector, given by
ǫ0(kF ) = 0, and δkF is a small anisotropic distortion, de-
pending on Λl(k) and θ through ǫ([kF + δkF ] kˆ) = 0. Note
that only the lth term of the expansion (1) comes into play
near the instability, even though all the other terms are
non-zero. Using δkF ≪ kF , Eq. (2) gives
Vcrit =
4π~vF
kF
, (3)
giving the critical value of the coupling constant V ≡
Vl(kF , kF ). For V > Vcrit, the distortion is given by
Preprint submitted to Elsevier 8 November 2018
δkF (θk) = (Λ/~vF ) cos(lθk), where we have written
ǫ0(kF + δkF ) ≈ ~vF δkF and Λ(kF + δkF ) ≈ Λ + Λ
′δkF
and assumed Λ′ ≪ ~vF . It grows according to the mean
field law
Λ =
√
16π~3v3F
−V ′Vcrit
(V − Vcrit)
1/2 . (4)
This is valid only for V ′ ≡ ∂V (kF , q)/∂q|q=kF < 0. When
V ′ > 0, we have a first-order phase transition.
In the Pomeranchuk state, the homogeneous electron
fluid remains uniform. The symmetry breaking is revealed
in real space, though, by Friedel oscillations around a sin-
gle impurity. These could be observed by a scanning tun-
nelling microscope (STM), which measures the local den-
sity of states (LDOS), D(ω, r) = − 1π ImG
R(r, r;ω) [9]. For
a single, delta-function impurity at the origin we have
GR(r, r′) = GR0 (r, r
′;ω) + ΓGR0 (r, 0;ω)G
R
0 (0, r
′;ω) (5)
where Γ is a renormalized coupling constant and GR0 is the
retarded Green’s function in the absence of the impurity
(the details will be published elsewhere [10]). Fig. 1 (a)
shows the resulting pattern of Friedel oscillations, from
which the broken symmetry is apparent.
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Fig. 1. (a) LDOS around an impurity for an elliptical Fermi surface
with kF 10 percent larger in the x direction. (b) Ground-state phase
diagram for the Pomeranchuk instability with dx2−y2 symmetry on
a square lattice with nearest-neighbour repulsion.
The above arguments on symmetry breaking can be car-
ried over to crystal lattices. Consider spin-1/2 fermions on
a square lattice with nearest-neighbour hopping and repul-
sion on-site (with strength U) and between nearest neigh-
bours (with strength V ): [11]
Hˆ =−t
∑
α=↑,↓
∑
<i,j>
cˆ†i,αcˆj,α +
∑
α=↑,↓
∑
i
U
2
cˆ†i,αcˆ
†
i,−αcˆi,−αcˆi,α
+
∑
α,β=↑,↓
∑
<i,j>
V
2
cˆ†i,αcˆ
†
j,β cˆj,β cˆi,α, (6)
Such interaction possesses the same point group symmetry
as the crystal, yet it can yield to symmetry-breaking of the
type obtained from quadrupolar interactions [4]. A mean-
field theory entirely analogous to the one mentioned above
yields the following instability equation for Fermi surface
deformations with dx2−y2 symmetry:
1 =
V
π2t∗
1−|µ∗|/2t∗∫
−1
dξ
2ξ2 + ξ|µ∗|/2t∗√
1− ξ2
√
1− (ξ + |µ∗|/2t∗)
2
, (7)
where t∗, µ∗ include a non symmetry-breaking renormali-
sation of the band structure. This admits a closed-form so-
lution that does not fit in this short note but which is repre-
sented in Fig. 1 (b). Note (i) that the system is very unstable
near half-filling, just as for an explicitly symmetry-breaking
interaction [4]; (ii) that the off-site interaction is necessary,
at the mean-field level, for the symmetry-breaking instabil-
ity —similar to what happens in the continuum models [5].
On a crystal lattice, Friedel oscillations around an im-
purity can also be used as a probe of symmetry breaking
[12]. Coupling of the bare hopping integral t to lattice dis-
tortions [13] provides another probe. After a dx2−y2 PI, the
ground state energy of the electrons is〈
Hˆ
〉
=
∑
k,σ
[
−2t˜x cos(kxa)− 2t˜y cos(kya)− µ˜
] 〈
cˆ†
k,σ cˆk,σ
〉
(8)
where µ˜ ≡ µ + (µ∗ − µ)/2, t˜x,y ≡ t + (t
∗
x,y − t)/2, and〈
cˆ†
k,σ cˆk,σ
〉
= Θ
[
−2t∗x cos(kxa)− 2t
∗
y cos(kya)− µ
∗
]
. As-
suming a linear coupling of t to small variations, δxa, δya,
of the lattice constants, t→ t− ηδx,ya, and minimising the
energy with respect to them (after adding an elastic con-
tribution κ−1(δxa
2 + δya
2)) we find:
δxa− δya =
η
κ−1
∑
k
[cos(kxa)− cos(kya)]
〈
cˆ†
k,σ cˆk,σ
〉
. (9)
Evidently the Pomeranchuk distortion induces some lattice
anisotropy. [14]
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